THE SYMMETRIC GROUP REPRESENTATION ON 
COHOMOLOGY OF THE REGULAR ELEMENTS OF A 
MAXIMAL TORUS OF THE SPECIAL LINEAR 

GROUP 

ANTHONY HENDERSON 

Abstract. We give a formula for the character of the represen- 
tation of the symmetric group S n on each isotypic component of 
the cohomology of the set of regular elements of a maximal torus 
of SL n , with respect to the action of the centre. 



1. Introduction 

Let n be a positive integer. Define the hyperplane complement 

T(l,n) := {(21,22, • • • ,z n ) e C n I Zi / 0, Wi, z { ^ z h Wi ^ j}. 

The symmetric group S n acts on T(l,n) by permuting coordinates; 
we can identify T(l,n) with the set of regular elements of a maxi- 
mal torus of GL n (C), and S n with the Weyl group of the maximal 
torus. This action induces representations of S n on the cohomology 
groups H l (T(l,n)) (taken with complex coefficients). The characters 
of these representations are well known (they will be encapsulated in 
a single 'equivariant generating function' in Theorem 13.11 below ). For 
the purposes of this Introduction, we recall only the 'non-equivariant' 
information, i.e. the Betti numbers of T(l,n): 

(1.1) £(-1)' dimiT(T(l, n)) q n ~* = (q - l)(q - 2) • • • (q - n). 

i 

These Betti numbers are particularly familiar, since T(l,n) is homo- 
topy equivalent to the configuration space C n+ i of {n + l)-tuples of 
distinct complex numbers. 

Now consider the toral complement 

ST(1, n) := {(21, z 2 , • • ■ , z n ) e T(l, n) \ z x z 2 ■■■z n = l}. 

This can be identified with the set of regular elements of a maximal 
torus of SL n (C). Of course still acts, and there is a commuting 
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action of // n (the centre of SL n (C)) by scaling. Thus we have a direct 
sum decomposition of ^-representations: 



;i.2) H\ST(l,n))= 0^(5T(l,n)) 



where H l (ST(l,n)) x is the y-isotypic component of H*(ST(l,n)). In 
this paper we address the following problem, suggested by Lehrer: 

Problem 1.1. Give a formula for the character of the representation 
of S n on each H l (ST(l,n)) x . 

Our solution is given in §3 (see especially (|3.6Jl ). For now, we state 
merely the non-equivariant version: 

(1-3) (1)n-n/r ] 

(q-r-l)(q-2r-l)---(q-(--l)r-l), 



r n/r(ny M Mi ) vi v r 

where r is the order of x i n the character group /7^. 

Summing over x, we deduce a formula ()3.7j) for the character of 
the total representation on fP(ST(l, n)), of which the non-equivariant 
specialization is: 

(1.4) 

^(-l^dim/r^Ttl,™))^- 1 -* 

i 

= E n/, fa I (g-r-l)(g-2r-l)---(g-(--l)r-l). 

This total formula was essentially already known. Since ST(l,n) is 
'minimally pure' in the sense of [2], (jl.4j) follows from the fact that the 
right-hand side counts the number of F g -points of the variety ST(1, n) 
for all prime powers q which are congruent to 1 mod n. More generally, 
(13. 7j) follows from a count of fixed points of twisted Frobenius maps, 
which was the result Theorem 5.8] of Fleischmann and Janiszczak. 
See Remark 13.41 below. 

Clearly the quotient of ST(1, n) by /i n can be identified with PT(1, n), 
the image of T(l,n) in P n_1 (C). So in the case where x is the trivial 
character, we are dealing with 

(1.5) H*(ST(1, n)Y n = /P(PT(1, n)). 

In general, as ()1.3|) suggests, the representation H l (ST(l,n)) x is in- 
duced from the wreath product subgroup W(r,n/r) : = /i r I S n / r of S n . 
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To be precise, define the hyperplane complement 

T(r, m) := {( Zl , z 2 , ■ ■ ■ , z m ) 6C m |z^0, Vz, z\ ± z), \/t ^ j}, 

and its image FT(r,m) in P m_1 (C). For r > 2, we identify the corre- 
sponding reflection group G(r, 1, m) with the wreath product W(r, m) 
(if r = 1, W(l,m) = S m acts on T(l,m) as seen above). In the fol- 
lowing Theorem, e n denotes the sign character of S n , and det n / r the 
determinant character of GL n / r (C), restricted to W(r,n/r). 

Theorem 1.2. Let r be the order of x £ fhi- For every i, we have an 
isomorphism of representations of S n : 

H l (ST(l, n)) x e n ® Ind^ (r n/r) (det n/r ® i? i - n+ ^(PT(r, n/r))). 

The proof of this Theorem given in §4 merely equates the characters 
of both sides; a more conceptual understanding of the isomorphism (or 
rather the related isomorphism (|4.2|) ). involving Orlik-Solomon-style 
bases for the cohomology groups, is given in j^J. 

When x is faithful (i.e. r = n), Theorem 11.21 savs that 

fl 6) H i (1T('\ n)) ^ / £ «® Ind £(^)' if* = n-l, 
[L.O) n^i{L,n)) x -<^ ^ otherwise, 

where \i n is embedded in S n as the subgroup generated by an n-cycle, 
and ij} G ju^ is any faithful character (it doesn't matter which - note 
also that tensoring with e n makes no difference unless n = 2 (mod 4)). 
This result for prime n was proved in [21 §4.4]. 



2. Equivariant weight polynomials 

Suppose X is an irreducible complex variety which is minimally pure 
in the sense that H l c (X) is a pure Hodge structure of weight 2i—2 dim X 
for all i (see [2J). Let T be a finite group acting on X. We define the 
equivariant weight polynomials of this action by 

P( 7 , X, g) := ^T(-l) 1 tr( 7 , H* e (X)) q l ~ diraX , 

i 

for all 7 G T, where g is an indeterminate (= t 2 in the notation of [2]). 
We also define 

P r (X,q) := £(-l)< [Hl{X)\ <T M G R(T)[q), 

i 

where R(T) is the complexified representation ring of T. If A is an 
abelian finite group acting on X whose action commutes with that of 
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T, and x is a character of A, we define 

P( 7 , X , X, g) := tr( 7 , ^(X) x ) <r dim * 

i 

= E x(<rM(7, ^w) <r dimX 

t ' ' SeA 

' ' <5gA 

and similarly 

P r ( X ,X,g) := [F*(X) X ] ,f dim * G J2(T)[g]. 

i 

If X is nonsingular, we can translate knowledge of H l c (X) and H*(X) X 
into knowledge of H l (X) and H l (X) x by Poincare duality. 

Now for any positive integers r and n, T(r, n) (respectively, PT(r, n)) 
is a nonsingular irreducible minimally pure variety of dimension n (re- 
spectively, n — l); minimal purity is a standard property of hyperplane 
complements (0 Example 3.3]). Also, ST(1, n) is clearly a nonsingular 
irreducible variety of dimension n — l. To show that it is minimally 
pure, one can use Corollary 4.2], or else observe that it is the quo- 
tient of PT(n, n) by the free action of a finite group, as follows. 

Recall that W(r,m) — S m x /i™ acts on T(r,m) and PT(r, m); the 
S m factor acts by permuting the coordinates, and n™ acts by scaling 
them. Define a surjective map tp : FT(n,n) — > ST(l,n) by 

(p([xi : x 2 : • • • : x n ]) = (x™ , a£, • • • , x"). 

The fibres of 9? are clearly the orbits of the normal subgroup S/j,™ C 
W(n, n) defined by 

tyS :={(&," • ,Cn)G^IClC2-"Cn=l}. 

The action of S/i™ on PT(n, n) becomes free once one factors out the 
subgroup {(CjC)*" jC)}j which acts trivially. Thus ST(l,n) is mini- 
mally pure, and solving Problem 11.11 amounts to computing the poly- 
nomials P(w, x, ST(1, n),q), for all w G S n and x £ A^n- 

Consider the quotient of T(n, m) by Sfi™ for arbitrary m > 1. This 
can be identified with 

T (n) (l, m) := {((*), *) G T(l, m)xC x |/ = Zl - ^}. 

The quotient map ^ : T(n, m) — > T^ n \l, m) is given by 

ljj{Xi, X2, • • • , X m ) = ((a^ , X 2 , • • • , X m ), X\X2 ■ ■ ■ X m ). 
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The group S m x /x n = W(n, m) / S/i™ acts on the quotient (1, m) in 
the obvious way: S m acts on the T(l,m) component, and /i„ acts by 
scaling z. 

When m = n, we have an isomorphism 

T (n) (l,n) ^ ST(l,n) x C x 
((zi, • • • , z n ), z) i-> ((ziz -1 , • • • , z^ -1 ), z), 

which respects the S^-action, and transforms the /i n -action on T^(l, n) 
into the inverse of the /z n -action on ST(l,n), and a scaling action on 
C x . Since the latter has no effect on cohomology, 

(2.1) P(w, X ,ST(l,n),q) = -L-P( w , x -\T^(l,n),q). 

So we aim to compute P(w, T^(l, n), q); it turns out to be conve- 
nient to compute the polynomials P(w, T^(l, m), q) for all m > 1 
and w G S m together. 

Remark 2.1. One can see a priori that allowing m ^ n incurs no 
extra work, thanks to the following neat argument, pointed out to me 
by Lehrer. If d = gcd(m, n), the action of /J, n / d C pL n on T^(l,m) is 
part of the action of the connected group C x defined by 

t.((z i ),z) = ((t n ' d z i ),t m ' d z). 

Hence n n /d acts trivially on cohomology, so P(w, T^ n \l, m),q) = 
unless x\n n /d = 1> i- e - X d — 1> i- e - r\m, where r is the order of X - 
Moreover, if r\m, then writing x° f° r the character of \i T such that 
x(C) — X°(C n//r ) f° r all C £ A*n, and x' f° r t ne character of fj, m defined 
by X'(0 = X°(C m/r ) for all C G /i m , we have 

P(w, x" 1 , TW(1, m), g) = P( W , (x )" 1 , TM(1, m), g) 

= P( W ,( X / )- 1 ,T( m )(l,m),g). 

We will not actually use this observation. 

The identification of T( n )(l, m) with the quotient of T(n, m) by S^™ 
has the following consequence for equivariant weight polynomials: 

Proposition 2.2. For any w G S m and X G //^, 

P(u;,X- 1 ,rW(l ) m) )g ) 

= ^T E x(Ci'--Cm)^HCi,--- ,C m ),T(n,m),g). 

(&)e/C 
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Proof. It is well known that if V is a representation of the finite group 
G and V H is the subspace invariant under the normal subgroup H, the 
character of G/H on V H is given by 

tr(gH,V H ) = -^-J2 tT (9h,V). 

Now apply this with V = H l c (T(n,m)), G = W(n,m), and H = S/j,™, 
so that V H S ffj(r(")(l,m)) and G/# = S m x /i n . We find that for 
all C e /in, 

P(( W ,C),TW(l,m),g) = -i rT P(w(b,--- ,( m ),T(n,m),q). 

" (Ci)G/C 
Cl-fm=f 

Combining this with the fact that 

P(w,x-\T^(l,m),q) = ir x(C)^((^,C),TW(l,m),g) 

gives the desired result. □ 

3. Generating functions 

In this section we will compute the sum in Proposition 12. 21 using the 
known formula for the equivariant weight polynomials of T(r, m). As is 
usual in dealing with characters of symmetric groups and wreath prod- 
ucts, the computations become easier if one uses suitable 'equivariant 
generating functions'. 

For any r > 1, let A(r) denote the polynomial ring C[pj(£)] in count- 
ably many independent variables Pi(() where % is a positive integer and 
£ G /i r . Define an N-grading on A(r) by deg(pj(£)) = i- Also let 
A(r)[g] := Kir) ®c with the N-grading given by the first factor 
(so deg(g) = 0). Let A(r) = C[pj(£)] be the completion of A(r), and 
set A(r)[q] = A(r) <g> C[q}. 

As in [TUl Chapter I, Appendix B] , we define an isomorphism chw(r,m) '■ 
R{W{r,m)) ^A(r) m by 

ch w(r , m) ([M]) = ]T tx(y : M)p y , 

y€W(r,m) 

where p y = Yli^Pi{C) if V h as a «(C) cycles of length % and type (. 
Note that to recover tr(y, M) from ch H /( r . jm )([M]) one must multiply the 
coefficient of Yli ( Pi(C) ai( '^ by the order of the centralizer of y, which 
is Yli ( ai(()\(ri) ai ^ . Write ch.w( T ,m) also for the induced isomorphism 
R(W(r,m))[q] ^ A(r)[q] m . 
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The result we need on the equivariant weight polynomials for T(r, m) 
can be conveniently stated in terms of the equivariant generating func- 
tion P(r,q) G A(r)[g] defined by 

P(r,q) :=l + J2^W(r, m )(P W(r ' m) (nr,m),q)) 

m>l 

= 1 + S^! 2 P(y,T(r,m),q)p y . 

m>l y£W(r,m) 

In the following result fj,(d) denotes the Mobius function. 
Theorem 3.1. If R r , fi := J2 d[i \{C efi r \( d = G C[q], 

P(r,q) = H (l+ Pi (9)) R ^ H . 

i>l 

Proof. This follows from Hanlon's result [31 Corollary 2.3] on the Mobius 
functions of Dowling lattices. Within the reflection group context, it 
follows from results of Lehrer in [Hj (r = 1), [Zj (r = 2) and [Oj, PQ 
(general r). A short proof for all r > 2, based on an 'equivariant 
inclusion-exclusion' argument of Getzler, is given in jSJ Theorem 8.4] 
(T(r, m) is the same as what is there called M(r, m)). The r = 1 case 
can be proved by the same method (note that T(l, m) is different from 
the variety M(l,m) considered in jSJ Theorem 8.2], since it has the 
extra condition of nonzero coordinates). □ 

Recovering the traces of individual elements by the above rule, we 
get an equivalent statement, closer to Hanlon's and Lehrer 's: if y in 
W(r,m) has ai(() cycles of length i and type £, 

(3.1) P(y,T(r,m),q) = J[ R rM {R rM -ri) ■ ■ ■ (R rM -(a t (C)-l)ri). 

i>l 

There is an alternative description of the polynomials R r ,i,e- Define 
itf:= £ Kd)(q i/d -l) eC[g\. 

d\i 

gcd(d,r)=l 

Lemma 3.2. Ift{6) denotes the order of 9, 

R r ,i,e = ^2 s l J ( s ^ R i/l- 

s\ gcd(r/t(0),i) 
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Proof. Since fi r is cyclic of order r, we have 

\s r a \fd_a X \ _ / Scd(d,r), if gcd(d,r) | (r/t(9)), 
[iC e A*r | C -*>|-| 0j otherwise. 

Hence 

^= E s E M(^)(? i/rf -i)- 

s|(r/t(0)) e*|i 

gcd((i,r)=s 

The sum over d has no terms unless s\i, in which case it equals 

d\(i/s) 
gcd(d,r)=l 

Since gcd(d, r) = 1 implies ^(ds) = fi(d)fi(s), this is fi(s)Ry\ □ 

This Lemma makes it clear that the r = 2 case of (|3.1|) is indeed 
equivalent to [3 Theorem 5.6]. 

As for PT(r, m), we have that for all y G W(r, m), 

(3.2) P(y,PT(r,m),g) = -^-P(y,T(r,m),q). 

q-1 

For this, one need only show that the isomorphism 

ip : T(r,m) -> PT(r, m) x C x : • • • , z m ) i-> ([zi : ■ ■ • : z m ],2i) 

induces a W(r, m)-equivariant map on cohomology. It is enough to 
check that wo if and <^ o w are homotopic for all w in a set of generators 
for W(r,m), which is straightforward. 

Now for any x £ A^n> define the generating function 

P{ X , q) := 1 + E ch ^ ( p5m (X"\ r (n) (l, m), g)) 

m>l 

= 1 + E^T E ^,X-\T {n) (l,m),g)^ G A(l)[g]. 
z — ' m! z — ' 

m>l WdSm 

We want a formula for this similar to Theorem 13.11 Define 

p i {r) --= n (i - (- Pl ) r/s ) sAt(s) ^ / " ga(im 

s| gcd(r,i) 

Theorem 3.3. If x G /i^ /ias order r, P(x,l) — Y\.i>i^i- 
Proof. Using Proposition 12.21 we see that P(x, q) equals 

n,m ,q p w , 

z — ' n m m\ z — ' 

m>l aieSm 

(Ci)e/C 
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which is precisely the result of applying to P(n, q) the specialization 
Pi(9) — ► x{@)Pi- So by Theorem 13.11 

P(x, q) = exp Yl + x(0)Pi) 

z — ' TO 

*>1 

= exp T Z ^ £ x{e) m {-p l ) m 

z — ' TOTO 
i>l 

m>l 

= exp V ^^X(0 dm (^ /d - 1)(-Pi) m 

i>l 
d|i 

m>l 

= exp]T Z^(g*/-_i)(_ ft )m, 
»>i 

d| i 

m>l, r|dm 

since 5^ e/t x(C) dm = w if x dm is trivial, and vanishes otherwise. Thus 
we need only show that 



d\i 

m>l, r\dm 



(3.3) Pt ] = exp -^W ,d - l)(-ft) m . 

^— ' mi 



The condition r|dm is equivalent to (r/ gcd(d,r))\m. Writing s for 
gcd(d, r), the right-hand side becomes 

exp v z^)(^_i )( _ p .)- 

L — ' mi 

s\r 

d\i, gcd(d,r)=s 
m>l, (r/s)\m 

= exp ^ Ml - ("ft) r/s ) E MW"!)- 

s|gcd(r,«) d\i 

gcd(d,r)=s 

By the same argument as in the proof of Lemma 13.21 the sum over d 

>(r) 



equals ix(s)R^) s as required. □ 



Note that P(x, q) depends only on r, not on n or x, and that, as 
predicted in Remark l2.1| its nonzero homogeneous components all have 
degree divisible by r. 

There is no formula as neat as (J3.1|) for the individual polynomials 
P(w,x~ 1 ,T^ n >(l,m),q). But if w G S m has Oj cycles of length i, we 
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know that 

(3.4) P(w, X ~\T {n) (l,m),q) = JJ z a * (coefficient of in P$ rh 



Note that for the right-hand side to be nonzero, must be divisible 
by (r/ gcd(r, z)) for all z. In the special case that gcd(r, i) = 1, we have 

p(r) = (1 _ (_p i )r ) ^VH f 

and the coefficient of where is divisible by r, is 

1 ' ' 1 ' (ri) a il r (ai/r)\ 

Some further special cases of note: the r = 1 case of Theorem 13.31 savs 
that 

P(triv,g) = +Pi)^ )/l = P(l,q), 

i>l 

reflecting the fact that the quotient of T^(l,m) by \i n is T(l,m). 
Slightly more interesting is the r = 2 case. We have 

p(2 ) f (l-p!) R ? )/2i , 2 if • is odd, 

i 1(1-^2)^(1+^)-^, if i is even. 

Hence if % is even, the coefficient of p"* is 

Returning to Problem 11.11 equations (j2.1|) and (|3.4|) tell us that if 
w E S n has cycles of length z, 

(3.6) P(w,x,ST(l,n),q) = TT a 4 ! i ai (coefficient of p" 1 in P (r) ). 

o — 1 A A 

i>l 

Since there are <f>(r) characters x £ Vm of order r, we deduce that 
(3.7) 

P(w),5T(l,n),g) = — '— V^r) 17^! z ai (coefficient of rf* in P (r) ). 

^ r|n i>l 

Remark 3.4. As mentioned in the Introduction, if g is specialized to a 
prime power congruent to 1 mod n, the right-hand side of (|3.7|) equals 
the formula given in Theorem 5.8] for the number of F ? -points of the 
regular set of a maximal torus of SL n (¥ q ) obtained from a maximally 
split one by twisting with w. (To see this, use the expression (13. 3 J) for 
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P/^; the coefficient of is called Ra i n (q) in We have effectively 
reproved that result, since 

P(w,ST(l,n),q) = \ST(l,n)(W q r F \ 

by Grothendieck's Frobenius trace formula and a suitable comparison 
theorem of complex and £-adic cohomology; see 5.3, Example 5.6] 
for the details. 



4. Induction 

We now aim to prove Theorem 11.21 by interpreting the generating 
function P(x, q) hi terms of induced characters. Recall that W(r, m) 
can be embedded in S rm as the centralizer of the product of m disjoint 
r-cycles. For any 9 G fi r , let t{9) denote the order of 9. 

Lemma 4.1. For any W(r,m) -module M, 

ch Srro ([Ind^ m) (M)]) = ch H/(r , m) ([M])| pi(eHp: / t ( )fl) . 

Proof. This is a direct consequence of Frobenius' formula for induced 
characters, once one observes that a cycle of length i and type 9 in 
W(r,m) beomes the product of r/t(9) disjoint it(9)-cyc\es when re- 
garded as an element of S rm . □ 

Lemma 4.2. For any W(r, m) -module M , 

ch Srm ([£ rm ®Ind^ m) (det " x <g> M)\) 

= (- i ) rm_mcll H/(r, m )([M])| pi(e) ^_ e -i ( _ Pit(fl))r / t ( e) . 

Proof. If y e W(r, i) is a cycle of length i and type 9, 

en(y) det^)" 1 = (_i)-i+W)-iW^) r i = ^y-un-r/Mg-^ 

Also, if y G W(r,m), 

_ I / i \rm-m OT 

P?/k(0H(-l)"+W) - I- 1 ) Pv 

Hence 

ch W r(r,m)([£rm® det ~ 1 ® M] ) 

= (- i ) rm ~ mc hiy(r,m)([M])| Pi(e) ^_ e -i ( _ 1)r /i( 9 ) Pi(e) , 
and the result follows by applying the previous Lemma. □ 
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Now define an element P'(r,q) G A(l)[g] by 
P'(r,q) := P(r, q)\ Pi{e) ^ e -i { _ nm y, m 

= 1 + ch w(rim) (P H/(r ' m) (T(r,m),g))| Pi(e) ^_ e - 1( _ Pit(fl)) ,./t W 

m>l 

= 1 + E(- 1 )™ ch ^( £ - ® lnd £r^)( det - ® ^ (r,m) (^(^m), 9 ))). 

m>l 

Proposition 4.3. P'(r, g) = Ui>i P i r) - 

Proof. By Theorem 13.11 and Lemma f3. 21 we have 



i>\ 
8£[l r 



n a - 0-\-pu i9) y /m r {s) ^ /ri 



i>l 

s|gcd(r/f(0),i) 

Applying to this the Mobius inversion formula for cyclotomic polyno- 
mials, in the form 



Y[(i- o^x) = - x t/u y (u 



Oeflr u\t 

t{6)=t 

we obtain 

P'(r,q)= J] (i-(- Pit y/vy^ u K>\ 

i>l 
t\r 

s\ gcd(r/t,j) 
u\t 

Write this as Yl i>t Q[\ where is the product of all factors involving 
the variable Pi. Thus 

Q « r) = exp ^ £M^W B « log(1 _ ( _ Pj) ,/«) 

t| gcd(r,i) 
s\ gcd(r /t,i/t) 
u\t 



E ^^4>sa - <-p.> r/ ") 



exp 

^ — <■ r% 

v\ gcd(r,j) 
u|t) 

3 [(«/«) 



where we have set v = st. Since J2 s \(v/u) ^ s nonzero if and only if 

(r) (r) 

u = v, we find that Q\ = P> as required. □ 
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Corollary 4.4. Ifx^Vm has order r, P(x,q) — P'{ r ,Q)- 

Proof. Combine Theorem 13.31 and Proposition 14.31 □ 

Corollary 4.5. If x £ A*n has order r, andr\m, we have the following 
equality in R(S m )[q]: 

P Sm ( X ~\T^(l,m),q) 

= {-\) m - mlr e m ® Ind^ (Wr) (det-) r ® P w ^ r \T(r,m/r), q)). 

Proof. Under the isomorphism ch,s m , the left-hand side corresponds to 
the degree-m term of P(x, <z), and the right-hand side corresponds to 
the degree-m term of P'(r, q). □ 

Taking coefficients of q % ~ m on both sides and multiplying by (—1)*, we 

get an isomorphism of S^-modules: 

(4.1) 

K(T^(1, m)) x -, ^e m ® Ind^ m/r) (det ~J /r ® K7 m ^{T{r, m/r))). 
By Poincare duality, this is equivalent to 

H 2m -\T^(l,m)) x = e m ®liKi|- (r>m/r) (det m/r ®fF^ + "^(T(r, m/r))), 

which after replacing 2m — i by i gives 
(4.2) 

H\T^{l,m)) x =e m ® Ind^ (r , m/r) (det m/r ® +™A (T(r,m/r))). 

Finally, we prove Theorem 11.21 Equations (|2.1|) . (|3.2|) . and Corollary 
14.51 together imply 

P s "( X ,ST(l,n),q) 

I i \n—n/r 

= 1 g _ 1 ® Ind J (riB/r) (det ~} r ® P w ^\T(r, n/r)) q)) 

= {-l) n - n/r e n ® Ind^ M/r) (det ~} r ® P^M(FT(r, n/r), q)). 

Taking coefficients of q l ~ n+1 on both sides and multiplying by (— 1)\ 

we get an isomorphism of S^-modules: 

(4.3) 

Hi(ST(l, n)) x = e n ® Ind^ (r n/r) (det ~) r ® Hf«+""FT(r, n/r))). 

Since the right-hand side depends only on n and the order of Xi this 
remains true if x is replaced by x 1 - Then Theorem 11.21 follows by 
Poincare duality. 



14 



ANTHONY HENDERSON 



References 

[1] J. Blair and G. I. Lehrer, Cohomology actions and centralisers in unitary 
reflection groups, Proc. London Math. Soc. (3), 83 (2001), no. 3, pp. 582-604. 

[2] A. Dimca and G. I. Lehrer, Purity and equivariant weight polynomials, in 
Algebraic Groups and Lie Groups, vol. 9 of Austral. Math. Soc. Lect. Ser., 
Cambridge University Press, Cambridge, 1997, pp. 161-181. 

[3] P. Fleischmann and I. Janiszczak, The number of regular semisimple ele- 
ments for Chevalley groups of classical type, J. Algebra, 155 (1993), pp. 482-528. 

[4] P. Hanlon, The characters of the wreath product group acting on the homology 
groups of the Dowling lattices, J. Algebra, 91 (1984), pp. 430-463. 

[5] A. Henderson, Representations of wreath products on cohomology of De 
Concini-Procesi compactifications, Int. Math. Res. Not., 2004:20 (2004), 
pp. 983-1021. 

[6] , Bases for certain cohomology representations of the symmetric group, to 

appear m J. Algebraic Combin., math.RT/0508162 
[7] G. I. Lehrer, On hyperoctahedral hyperplane complements, in The Areata 

Conference on Representations of Finite Groups (Areata, Calif., 1986), vol. 47 

of Proc. Sympos. Pure Math., Amer. Math. Soc, Providence, RI, 1987, pp. 219- 

234. 

[8] , On the Poincare series associated with Coxeter group actions on comple- 
ments of hyper planes, J. London Math. Soc. (2), 36 (1987), pp. 275-294. 

[9] , Poincare polynomials for unitary reflection groups, Invent. Math., 120 

(1995), pp. 411-425. 

[10] I. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford Univ. 
Press, second ed., 1995. 

School of Mathematics and Statistics, University of Sydney, NSW 
2006, AUSTRALIA 

E-mail address: anthonyh@maths.usyd.edu.au 



